A half-car vibration model of an electric vehicle driven by rear in-wheel motors was developed using bond graph theory and the modular modeling method. Based on the bond graph model, modal analysis was carried out to study the vibration characteristics of the electric vehicle. To verify the effectiveness of the established model, the results were compared to ones computed on the ground of modal analysis and Newton equations. The comparison shows that the vibration model of the electric vehicle based on bond graph theory not only is able to better compute the natural frequency but also can easily determine the deformation mode, momentum mode, and other isomorphism modes and describe the dynamic characteristics of an electric vehicle driven by in-wheel motors more comprehensively than other modal analysis methods.
Introduction
Vehicle vibration has been a hot spot in the field of automotive research. One method of studying vehicle vibration is modal analysis. Modal analysis of a vehicle vibration model allows us to observe the effects of varying vibration frequencies on vehicle vibration. The information gleaned from such analysis can aid further study of vehicle vibration characteristics. The chassis structures of in-wheel motors-(IWMs-) driven electric vehicles (EVs) and traditional centralized motordriven vehicles are significantly different. The IWM-driven EVs do not require a complex gearbox, clutch, differential mechanism, half-axis, and other transmission components, as the electric machine, reducer, brake, and other components are largely integrated into the wheel. Altering the chassis structure will inevitably result in novel vibration issues. Consequently, modal analysis must first be performed for the IWM-driven EVs.
At present, most vibration models and analyses of vehicles are based on Lagrangian or Newtonian theory [1, 2] . At the end of the 1950s, Professor Paynter, of the United States, proposed bond graph (BG) theory, which was based on the theory of power flow transmission, conversion, storage, and dissipation. The theory elucidates a complete causal relationship and can clearly express the relationship between the mathematical model and the physical model. It is recognized as the most suitable modeling method of the state space equation, which is obtained from the domain of the physical system directly, and it is widely used in a number of disciplines [3] [4] [5] [6] [7] . A review of literature indicates that the BG method has been applied successfully to the modal analysis of a variety of mechanical systems. However, there have been relatively few studies regarding the application of BG theory to vehicle vibration [8] [9] [10] .
In this paper, BG theory and the modular modeling method are applied to the modal analysis of an IWM-driven EV. First, a half-car vibration model of a rear IWM-driven EV is established. Based on the physical vibration model, BG model is developed, and the mathematical model is deduced using BG theory. Afterward, modal analysis is carried out to study the vibration characteristics of the EV. Finally, modal analysis is conducted via the Newton method to verify the correctness and applicability of the established model. motor with an outer rotor and an inner stator. The structure of the IWM is shown in Figure 1 [11] . The IWM-driven system consists of the IWM, drum brake, hub bearing, wheel rim, tire, and so on. The IWM rotor is directly connected to the rim, and the vehicle can be driven by controlling the rotation of the IWM rotor. With this structure are two bearing structures, of which the hub bearing serves as a movable connecting unit and a load supporting unit; it is equivalent to a spring-damper system in the vertical direction.
Before developing the physical model, the following assumptions were made based on the structure of the IWMdriven EVs (Figure 1 ). (1) The car body is a rigid body, (2) the vehicle maintains a constant speed in a straight line, (3) the hub bearing is equivalent to a spring-damper system in the vertical direction, (4) the spring force of each component is a linear function of its displacement, while the damping force is a linear function of its speed, and (5) the car body only has 2 degrees of freedom, including vertical and pitch, while the unsprung mass has 3 degrees of freedom in the vertical direction.
Based on the above assumptions, the 1/2 physical model of the IWM-driven EV is shown in Figure 2 , where is the body mass, is the body pitching moment of inertia, 1 is the unsprung mass of front wheel, 11 is total mass of the rear wheel tires and rims, 12 is the IWM rotor mass, 21 is the mass of the support shaft and the brake, 22 is the mass of the IWM stator, is the distance from the center of mass to the front axle, is the distance from the center of mass to the rear axle, is the body pitching angle, 2 and 1 are the stiffness of the front tire and the front suspension, respectively, 2 and 1 are the damping coefficients of the front tire and the front suspension, respectively, 21 and 22 are the bearing stiffness, 21 and 22 are the bearing damping coefficients, 3 and 1 are the stiffness of the rear tire and the rear suspension, respectively, 3 and 1 are the damping coefficients of the rear tire and the rear suspension, respectively, 1 , 1 , and 2 are the vertical displacements of the corresponding mass blocks, and are the vertical displacements of points A and B, respectively, where A and B are the two connecting points of the car body and the suspensions, and and are the road displacement excitation of the front and rear wheel, respectively.
BG Model.
For mechanical systems, the BG model consists of five basic components [3] . The component represents damping, the component represents spring, the component represents the mass block or moment of inertia, the component represents the power source, and the component represents the source of the speed. Furthermore, the component is the energy dissipation element, and the and components are energy storage elements. The five elements are linked by constant velocity 1 junctions, constant force 0 junctions, transformer TF, and so on.
Development of the BG model proceeds as follows. Considering the structural characteristics of the IWM-driven EV and the advantages of the BG method, the physical model shown in Figure 2 is divided into three submodules according to the modular modeling method. This includes the car body module and the front and rear suspension modules. Next, the BG model of the three submodules is developed using BG theory as shown in Figure 3 . Finally, complete BG model of the EV can be obtained by composing the three submodules as shown in Figure 4 .
From the fact that ports A and B in Figures 3(a) and 3(b) are connected with corresponding ports A and B in Figure 3 (c), the complete BG model of the 1/2 IWM-driven EV can be obtained as shown in Figure 4 .
Based on the modeling process described above, it can be observed that modular modeling based on BG theory simplifies the otherwise complex model. If the resulting model needs to be corrected, only the necessary submodule must be modified, which does not affect the structures of the other submodules.
Mathematical Model.
In BG theory, the symbols q and p represent the displacement and momentum, respectively, in a translational motion, whereas they represent the angle Shock and Vibration and angular momentum in a rotational motion. The symbolṡ anḋrepresent the velocity and force in a translational motion and represent angular velocity and torque in a rotational motion. Each element in the BG model has a serial number corresponding to the different elements. Here,( = , ) refers to the road surface roughness (RSR) velocity excitation, and in the other elements with serial numbers, , ,, anḋrefer to the corresponding symbols in the physical model.
Based on the BG model developed in Figure 4 , the mathematical model of the vibration model can be deduced as follows using the causality and power flow direction of BG theory.
The vertical vibration velocity equation of 1 iṡ
The vertical vibration velocity equation of 11 and 12 iṡ3
The vertical vibration velocity equation of 21 and 22 iṡ2 
The vertical force balance equation of 1 iṡ
The vertical force balance equation of 2 iṡ
The vertical force balance equation of the car body iṡ
The pitching moment equation of the car body iṡ
Equations (1)- (9) can be expressed in matrix form as follows:̇= 
The eigenvalue and eigenvector of the vibration system can be obtained from the following equation:
where is the eigenvector and is the eigenvalue. According to (13), dual modes (deformation modes) and (momentum modes) can be obtained directly. In addition, isomorphic modes, such as the displacement modes, velocity modes, and force modes, can be obtained easily through a simple formula transformation.
Modal Analysis Based on BG Theory.
The basic parameters of the IWM-driven EV studied in this paper are shown in Table 1 .
Substituting the parameters in Table 1 into (10), the natural frequency and vibration mode of the vehicle can be calculated. This was achieved by a program written in MATLAB. The results are shown in Table 2 . As seen in Table 2 , the deformation mode and the momentum mode can be obtained from formula (12). Mode , corresponding to the state variable , is the deformation mode and the orderliness formed by the capacitive element. Mode , corresponding to the state variable , expresses the momentum of the inertial element in the system.
The deformation of each capacitive element at a certain frequency can be determined from the deformation mode . Among these, 4 and 33 are the deformations of the front and rear tires, respectively, related to the grounding safety of the vehicle. 10 and 21 are the deformations of the front and rear suspensions, respectively, related to the riding comfort of the vehicle. 27 is the deformation of the hub bearing, that is, the relative displacement between the IWM stator and the rotor, which is important for the running safety of the IWM. Therefore, the analysis of the deformation mode is of great value in determining the vehicle's vibration characteristics.
To better present the deformation mode clearly, the data obtained from the above table were normalized, and the diagram of the deformation mode of the capacitive elements is shown in Figure 5 .
As seen from Figure 5 , (1) when the excited frequency is close to 1.9972 Hz, the deformation of the front suspension is greatest, and the deformation of the other capacitive elements is relatively small; (2) when the excited frequency is close to 2.1462 Hz, the deformation of the rear suspension is greatest, and the deformation of the other capacitive elements is relatively small; (3) when the excited frequency is close to the third-order natural frequency of 9.7115 Hz, the deformations of both the rear suspension and the rear tire are larger, while the deformations of the other capacitive elements are relatively small. At 9.7115 Hz, the deformation primarily occurs in the rear axle; (4) when the excited frequency is close to the fourth-order natural frequency of 14.2639 Hz, the deformations of both the front suspension and the front tire are relatively larger, while the deformations of the other capacitive elements are relatively small. At this frequency, the deformation primarily occurs in the rear axle; (5) when the excited frequency is close to the fifthorder natural frequency of 91.1385 Hz, the deformation of the hub bearing is greatest, followed by those of the rear suspension and the rear tire, while the deformations of the front suspension and the front tire are relatively small. From this, it can be observed that a high excited frequency can cause large deformations in the bearing, which results in a big relative displacement between the IWM stator and rotor. A large relative displacement will cause large electromagnetic force excitation, and if the relative displacement exceeds the safety limit, the vehicle will be in danger. The deformation modes can also be translated into the force mode, strain mode, and stress mode, depending on the purpose of the analysis.
In addition, the velocity vibration mode of the inertial components is an issue of general concern in vehicle vibration and is important for the evaluation of vehicle ride comfort. The vibration velocity mode can be obtained by the following transformation formula:
where represents the inertia component corresponding to and = 1, 2, . . . , 5.
The data obtained from equation (14) are normalized, and the diagrams of the velocity vibration mode are shown in Figure 6 .
As can be observed in Figure 6 (a), when the excited frequency is close to the first-order natural frequency of 1.9972 Hz, the vertical vibration velocity of the body mass is greatest, followed by those of the body pitching angle and the unsprung mass of the front wheel, while the vibration velocities of the rear IWM rotor and the rear wheel IWM stator are relatively small. Therefore, at 1.9972 Hz, the vibration arises primarily from the car body, but the vertical and pitching angle velocities of the car body vibrate in opposite directions.
As can be observed in Figure 6 (b), when the excited frequency is close to the second-order natural frequency of 2.1462 Hz, the pitch angle velocity and the vertical vibration velocity of the car body are both relatively large, followed by the vertical vibration velocity of the IWM stator and rotor in the rear wheel. The vertical velocity of the unsprung mass of the front wheel is at a minimum. Therefore, vibration arises mainly from the car body at this frequency, and the vertical and pitching angle velocities of the car body vibrate in the same direction.
As can be observed in Figure 6 (c), when the excited frequency is close to the third-order natural frequency of 9.7115 Hz, the vertical vibration velocities of the IWM stator and rotor in the rear wheel are relatively large, whereas the vertical vibration velocity of the front wheel unsprung mass and the vertical vibration velocity and pitch angle velocity of the car body are relatively small. Therefore, the vibration is primarily a result of the IWM at this frequency, and the vertical vibration velocities of the IWM stator and rotor vibrate in the same direction.
As can be observed in Figure 6 (d), when the excited frequency is close to the fourth-order natural frequency of 6 Shock and Vibration 14.2639 Hz, the vertical vibration velocity of the front wheel unsprung mass is greatest, and the vibration velocities of the other components are relatively small. At this frequency, the vertical vibration is primarily result of the front wheel unsprung mass.
As seen from Figure 6 (e), when the excited frequency is close to the fifth-order natural frequency of 91.1385 Hz, the vertical vibration velocity of the stator in rear wheel is greatest, followed by the vertical vibration velocity of the rotor. The vibration velocity of the other components is relatively small. Therefore, the vertical vibrations of the stator and rotor in rear wheel are the primary components of vibration, but they are moving in opposite directions.
From the above modal analysis result, it can be observed that the vibration model of the EV based on BG theory not only can calculate the natural frequency but also is able to obtain two modes directly, that is, the deformation mode and momentum mode. In addition, the other isomorphic modes can be obtained from the simple formula transformation. Modal analysis of the IWM-driven EV based on BG theory can comprehensively describe the dynamic characteristics.
Contrast and Verification with
the Newton Method 4.1. Mathematical Model. Using Newton's Second Law, the mathematical model of the IWM-driven EV in Figure 2 can be obtained as follows.
The vertical and pitching equations of motion of the car body arë=
The vertical equations of motion of the unsprung mass are 
The natural frequencies of the system are obtained by a program written in MATLAB: 1 = 1.9972, 2 = 2.1462, 3 = 9.7115, 4 = 14.2639, and 5 = 91.1385, which is the same result calculated by the BG method.
Equation (17) shows that only five vibration modes of velocity can be obtained. The normalized result is identical to the result calculated by the BG method. These five vibration modes are not tabulated here.
The aforementioned comparison not only verifies the correctness of the mathematical model derived from the BG method but also shows the advantages of BG theory in modal analysis, which allows us to obtain the deformation modes and momentum modes and convert them into other desired modes. In addition, the Newton method for solving other modes, such as the displacement mode and the stress mode, requires the use of different formulas and cannot be easily transformed into other modes. This is one of the reasons why BG theory is widely applied in complex mechanical, electrical, fluid, and the other multienergy domain systems.
Conclusion
In this paper, BG theory and the modular modeling method are applied to vibration analysis of the IWM-driven EV. The effectiveness of the modeling method in this paper is verified by using the Newton method. Through the research presented in this paper, some useful conclusions can be formulated as follows.
(1) The modal analysis results for the IWM-driven EVs based on BG theory show that A for capacitive components in the system, a low excitation frequency primarily affects deformation of the suspension and the tire, and the high excitation frequency significantly affects not only the deformation of the hub bearing but also that of the rear suspension and tire; B for the inertia component, the firstand second-order frequencies primarily impact the vibration of the car body, whereas the third-and fifth-order frequencies primarily affect the vibration of the IWM stator and rotor components. The fourth-order frequency mainly affects the unsprung mass of the front axle.
(2) As known from the above results the high excitation frequency has significant effect on the IWM, which maybe causes the structure change of IWM and should be regarded with some care.
(3) Modal analysis based on BG theory is able to obtain more complete modal information to describe the dynamic behavior of the vehicle, while modular modeling based on BG theory simplifies the otherwise complex model, which facilitates subsequent modification.
The work in this study provides an idea and a method for vehicle vibration research and lays a foundation for further research on the vibration characteristics of IWM-driven EVs.
